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GENERAL INTRODUCTION AND COURSE OBJECTIVES
This course focuses on vectors, geometry and dynamics. We consider the representation of vectors in 2- 3 dimensions and basic concepts of vectors. Application of vectors in geometry and vector calculus are also considered. Here, we simplify and concisely explain two dimensional coordinate geometry and illustrate with worked examples and diagrams. The last section is on dynamics. We discuss Newton’s laws of motion and their applications to simple problems and  concepts of momentum and collision.
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1					THE STRAIGHT LINE
Introduction: Two points in the plane can be joined by a line segment which lies in the plane. Any straight line can be expressed as a linear equation and vice-versa. We discuss the coordinate geometry of straight line in the chapter.
Objectives:
At the end of the lecture/ this chapter, the students/reader should be able to:
i. Calculate the distance between two points and use the knowledge to determine the nature of a triangle or quadrilateral with given coordinates.
ii. Convert from polar coordinates to Cartesian coordinates and vice-versa.
iii. Solve problems on internal and external division of a line.
iv. Determine perpendicular and parallel lines
v. Find the equation of a line in its various forms.
vi. Find the point of intersection of two lines.
vii. Find the distance of a line from an external point.
viii. Determine the areas of triangles and quadrilaterals given the coordiantes.
ix. Some problems on locus.
Pre-test
1. Locate the points (1, 2) and (1, 7) on the Cartesian plane and determine the distance between the two points.
2. State Pythagoras’ theorem.
3. Solve the simultaneous equations:











1.1			DISTANCE BETWEEN TWO POINTS
 Let  be arbitrary points in the xy-plane and let the distance between P and Q be denoted by . Consider figure 1.1 below.
	  y
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Figure 1.1

From figure 1.1, 
   
Using Pythagoras’ theorem in 


Therefore, 	 				(1.1)
Example 1: Find the distance between the points 
Solution
If d denotes this distance, then 




Example 2: Show that the triangle with vertices  and C (-11, -3) is a right triangle. 
Solution




Therefore, A, B, C forms a right triangle with hypotenuse BC.
1.2 			POLAR AND CARTESIAN COORDINATES
The polar coordinate system is a two-dimensional coordinate system in which each point on a plane is determined by a distance (r) from a reference point and an angle () from a reference direction. Given a point  in the plane, if  is the angle the line makes with the positive x-axis the polar form of the coordinates  is . This is illustrated in the diagram below



From the diagram,



 
Example 3: What are the Cartesian coordinates of the points whose polar forms are 
		
		(ii) 
Solution
(i)  

(ii)  

Example 4: Find the polar coordinate of the point whose Cartesian coordinates is (-3, 3).
Solution

The polar form is 
1.3			DIVISION OF A LINE IN A GIVEN RATIO
Let  be arbitrary points and  be a point on .  Refer to figure 1.2 below
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					   Q
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Fig. 1.2
.
Therefore, 
Taking the first equality, 


Also,


Hence,

Example 5: Find the point which divides the line joining the points (2,7) and (3,-2) in the ratio 2:1.
Solution

Therefore, the point is



1.4					MIDPOINT OF A LINE
If 



1.5				 EQUATIONS OF A STRAIGHT LINE
Gradient/slope of a line: Is the tangent of the smallest (measure counterclockwise) angle it makes with the positive x-axis.
			        y	
							      
						  
 
			        
			      						x     (fig. 1.3)


Let  be two points on a line . The gradient or slope of , denoted by m, is defined as

Example 6: Calculate the slope of the line joining the points C (-3,6) and D (4,6).
Solution
Slope of the line .
From Figure 1.3, 
So, the gradient of a line is the tangent of the angle (of slope) the line makes with the positive x-axis. 
1.6			PARALLEL AND PERPENDICULAR LINES
Let and be two lines with gradients and respectively. If we represent the acute angle between them by , the angle is given as 

1. If and are parallel, then . So that equation (2.4) gives


Parallel lines have equal gradients.
2. Ifand  are perpendicular, then . So that equation (2.4) gives 




The product of the gradients of two perpendicular lines is -1

1.7				EQUATIONS OF A STRAIGHT LINE
1. Point-slope form
The equation of a line having slope  and passing through the point  is 

This is illustrated with the figure below
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x     
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Example 7: Find the equation of the line with gradient -2 and passing through (-1, 3).
Solution
The equation is 




2. Slope-intercept form
The equation of a line having slope  and  intercept  is

The equation follows from equation (1.5) by taking 
Example 8: Find the equation of a straight line with slope 3 and intercept 2.
Solution

3. Two-point form
The equation of a line passing through the points  and , where , is 

This also follows from equation (2.5) by making the gradient  
Example 9: Find the equation of the line passing through the points A(-2, 3) and B(4, 2).
Solution
The equation is 




4. Intercept form
The equation of the line whose  intercept is  and  intercept is b, where , is 

This follows from equation (1.7) by taking and . This gives 




Example 10: Find the equation of the straight line which makes intercept of 3 on the -axis and intercept of -2 on the -axis.
Solution

Multiply through by :		 OR 
5. General equation of a straight line
The general equation of a straight line is , where A, B and C are arbitrary constants except that not both A and B are zero.    
Example 11: Find the gradient and -intercept of the line with the equation 
Solution
Write the equation in slope-intercept form.


The slope is  and the -intercept is .
Note: 1) To find -intercept, it suffices to substitute  and solve for .
          2) To find -intercept, it suffices to substitute  and solve for .
Example 12: Find the equation of the line which is perpendicular to the line  and passes through the point (1, -2).
Solution

Gradient of the given line is .
Let the gradient of the required line be . It then follows that 






1.8 		SKETCHING THE GRAPH OF A STRAIGHT LINE
Example 13: Sketch the graph of the straight line defined by .
Solution
When .
When 
The line passes through the points (0, -3) and (2, 0). The graph is shown below.
					    y
									3x – 2y = 6


							2	                   x

					       -3

1.9			POINT OF INTERSECTION OF TWO LINES
The point of intersection of two lines is the solution obtained by solving the equations of the lines simultaneously.
Example 14: Find the point of intersection of the lines defined by  and .
Solution


(ii)					
(i)+(iii): 				

Substituting the value of  in (i):  

The point of intersection is .

1.10		DISTANCE OF A LINE FROM AN EXTERNAL POINT
The distance of the line  from an external point  is given as 

Example 15: Find the distance of the point (1, -2) from the line .
Solution
The distance is 


1.11				AREA OF A TRIANGLE
The area of a triangle ABC with vertices ,  and  with is given as

Example 16: Find the area of ∆ABC with vertices A(2, 4), B(-1, -1) and C(4, ).
Solution




1.12 					COLLINEAR POINTS 
If three or more points are collinear, then they lie on the same straight line which has a constant gradient.
Example 17: Show that the points (-1, -1), (1, 0) and (3, 1) are collinear.
Solution
Gradient of the line joining (-1, -1) and (1, 0)

Gradient of the line joining (3, 1) and (1, 0)

Since the gradients of adjacent points are equal the points are collinear. 
Another way of showing that three points are collinear is to show that the area of the triangle formed by the points is zero.
1.13 						LOCUS
If a point moves, subject to certain restrictions, the path it traces out is called a locus.
Example 18: Let A(2, -1), B(1, -3)  and P() be such that . Prove that 
 .
Solution






Post - Test 
1. Find the distance between the following pairs of points
	(a) 	(b) 	(c) 
2. State the coordinates of the midpoint of the line joining each pair of points in Question 1.
3.By using Pythagoras’ theorem, show that the triangle ABC is right-angled where A is (-4, -2), B is (4, 2) and C is (2, 6).
4. Find the coordinates of P, if P divides the line joining (2, 3) and (5, 4) in the ratio 2: 1.
5. State the gradient and y-intercept of each of the following lines.
	(a) 		(b) 		(c) 
6. Obtain the equation of the straight line which passes through the point of intersection of the lines  and  and 
		(i) passes through the origin
		(ii) is parallel to the line 
		(iii) is perpendicular to the line 
 7. Sketch the graph of the line .
8. Find the acute angle between the lines  and .
9. The vertices of ∆ABC are A(1, 2), B(4, 5) and C(3, -2).
(a) Find in surd form, the lengths of AB, BC and CA.
(b) Show that  and deduce the value of  in surd form.
(c) Find the area of ∆ABC.
10. Which of the following lines are (a) parallel, (b) perpendicular?
(i) 2x = 3y - 5	(ii) 4x – 6y = 7 	(iii) 3x – 2y = 9 	(iv) 3y = 5 – 2x .
11. Find the equation of the perpendicular bisector of the line joining (-1, 3) and (3, 2).
12. Find the equation of the straight line that has equal x -  and y – intercepts and passes through the point (-1, 2).
13. Show that the points A(1, 0), B(4, -4) and C are collinear.
14. Find the distance of (-2, 3) from the line 4x – 3y  = 8.
15. A point moves so that its distance from A(7, 0) is equal to its distance from the y – axis. Prove that the equation of the locus of the point is given by . 
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2 			COORDINATE GEOMETRY OF THE CIRCLE
Introduction: In this chapter we will be able to discuss the coordinate geometry of the locus of a point which moves in the plane such that it is always at a constant distance from a fixed pont.
Objectives: At the end of this lecture/ chapter, the reader/ students should be able to 
i. Find the equation of a circle given its centre and radius/diameter.
ii. Obtain the equation of a circle given the endpoints of a diameter of the circle.
iii. Obtain the equation of a circle given three points on the circle.
iv. Determine if a point is inside, outside or on a circle.
v. Find the radius and centre of a circle given its equation.
vi. Find the equations of the tangent and normal to a circle.
vii. Obtain the length of the tangent from an external point.
viii. Find the equation of tangent from an external point.

Pre-test
1. Find the locus of point which moves in the plane such that its distance from the point      (-2, 3) is 3.
2. Express  in the form .

If a point moves in the plane, subject to certain restrictions, the path it traces out is called its locus.
A CIRCLE is the locus of a point which moves such that it is always at a constant distance from a fixed point. The fixed point is called the centre and the constant distance is the length of the radius of the circle.
A circle with centre  and radius is the figure below.
					y

								 r
					     b		           ̇(a, b)			      


								a	   x
										Fig. 2.1
2.1	THE STANDARD FORM OF THE EQUATION OF A CIRCLE
Let  be the centre of a circle with radius . Let  be the coordinate of any arbitrary point on the circle, then it follows from equation (2.1) that 

Equation (3.1) is the standard form of the equation of a circle.
If the centre of the circle is the origin (0, 0), equation (2.1) then becomes 

Example 1: Find the equation of the circle with centre (-2, 3) and radius 3.
Solution
The equation is



2.2			THE GENERAL EQUATION OF A CIRCLE
From equation (2.1),



We can rewrite this as 

where  .
Equation (2.3) is called the general form of the equation of a circle.
We can then say that equation (2.3) represents the equation of a circle with centre  and radius .
Example 2: Find the centre and radius of the circle whose equation is given by .
Solution

Rewrite the equation in the form of equation (3.3)


The centre is  and the radius =
Aliter

By completing the square


The centre is  and the radius is 
Properties of equation of a circle
1. It contains the terms .
2. and  have the same coefficients.
3. No term in 
4. .
Example 3: Does the equation  represent a circle? Justify your answer.
Solution




So that the condition  is not satisfied.
2.3 		OTHER FORMS OF THE EQUATION OF A CIRCLE
1. Equation of a circle on a given diameter
Centre of the circle is the midpoint of the diameter and radius is the half of the length of the diameter.
Example 4: Find the equation of the circle with  as diameter where .
Solution
Method 1
The centre of the circle is 
The radius is 

If  is any point on the circle then 



which gives 

Method 2
Let  be any point on the circle. 
Then slope of  and slope of  .
For perpendicularity of and 
 
So 


2. Circle through three given points.
Example 5: Obtain the equation of the circle through the three points A(2, 6), B(4, -2) and C(-2, 2).
Solution
Since the points are on the circle, they must satisfy the general equation

Substituting (2, 6) gives


Substituting (4, -2) gives


Substituting (-2, 2) gives


				

			      
				       
			
					
			
 					
Substitute in (iii) to get


Therefore, the equation of the circle is 


2.4			TANGENT AND NORMAL TO A CIRCLE
Tangent to a circle at a point on the circle is a straight line which touches the circle at only that point. By geometry, the tangent is perpendicular to the radius drawn to the point of contact.




								
								        

				         		̇O
					           		         			Fig. 2.2


The equation of the tangent to the circle at the point  is given as


Normal to a circle at a point  is the perpendicular line to the tangent at that point.
The equation of the normal to the circle at  is given as 

Example 6: (i) Show that the point (1, 6) is on the circle 
(ii) Find the equation of the tangent to the circle at the point (1, 6) on the circle.
Solution
(i) Let 
Then 
Since (1, 6) satisfies the equation of the circle, it shows that it lies on the circle.
(ii) Compare  with the general form.
                 		  
Using equation (3.4), the equation of the tangent at (1, 6) is 




2.5			POINTS INSIDE OR OUTSIDE A CIRCLE
The general equation of a circle is 

Let  be an arbitrary point in the plane.
(i) If  lies on the circle then .
(ii) If  lies inside the circle then .
(iii) If  lies outside the circle then .
Example 7: Are the points A(1, -1) and B(5, 2) inside or outside the circle 
Solution
Take .
. So A is inside the circle.
. So B is outside the circle.

2.6			TANGENTS FROM AN EXTERNAL POINT
LENGTH OF THE TANGENT FROM AN EXTERNAL POINT
As illustrated in the figure below,

					
								        

									         		
				   O ̇()
			   	
				 
				   A		        		           		B()
											Fig. 2.3
 is the length of the tangent at A from the external point . By Pythagoras’ theorem,

Example 8: Find the length of the tangent to the circle  from the point .
Solution




Centre of the circle is (1, 0) and the radius is 3.
Distance of (1, 0) to (4, -2) 
 Length of the tangent from 
 = 






Equations of tangents from an external point

					 


					̇					        									
							
					
										(fig. 2.4)
Let  be an external point to a circle. Two different tangents can be drawn through/from the point has shown in the figure above.
The equation of the circle is

The equation of the line is 

At the point of intersection 




Since the line is a tangent to a circle, the discriminant of equation (3.8) must vanish.
i.e 






Since the point  is outside the circle, we have that . So  has two distinct values and hence there are two distinct tangents.
The equations of the tangents are given by substituting equation (2.9) in (ii)

Note that when , then  is a point on the circle . In this case there is only one tangent and so (2.9) becomes



So the equation of the tangent is 

Example 9: Obtain the equations of the tangents through (-2, 11) to the circle .
Solution
Let the equation of the tangent be .
i.e. 
Substitute in 




The equation has two equal roots if and only if discriminant equals zero.





Substituting these values in the equation  gives the equations of the tangents as 

and 					

Post - test
1. Find the equations of the following circles:
(a) Centre (0, 0) radius 7 	(b) Centre (2, -3), radius 4	(c) Centre (-1, -4) radius 3
2. The end points of a diameter of a circle have coordinates (2, 3) and (5, -6), find the equation of the corresponding circle.
3. Find the equation of the circle passing through (3, -2), (4, 5) and (-6, -3).
4. Find the centres and radii of the following circles:
	(a) 	(b)  
5. Find the equations of the tangent and normal to the circle  at .
6. Which of the points A(2, 5), B(1, -3) and C(1, 0) lie inside or outside the circle 
7. Does each of the following equations represents a circle? Justify your answer.
(i) 
(ii) 
(iii) 
8. Obtain the length of the tangents from the origin to the circle  .
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3 						CONIC SECTIONS
Introduction: If a plane is made to cut a cone it gives a curve. This locus is generally referred to as conic section. Conic sections have interesting geometric properties. We discuss some of this and also illustrate some applications of conics in Physics.
Objectives: At the end of this lecture/chapter, the students/ reader should be able to:
i. Describe the various conic sections.
ii. Derive a conic as locus.
iii. Find the equation of a parabola.
iv. Find and describe the focus, directix and vertex of a parabola.
v. Obtain the coordinates of the center, vertices and foci of an ellipse and a hyperbola.
vi. Find the eccentricity and the length of the latus rectum of an ellipse and a hyperbola.
vii. Find the equations of the tangent and normal to a given conic section.

Pre-test
1. Find the equation of the locus of point which moves in the plane such that the ratio of its distance from the point (-1, 2) and the line is .





The general conic section is of the form

where the coefficients or parameters  are real numbers with at least one of non-zero.
A conic section is a curve obtained as the intersection of the surface of a cone with a plane. The three types of conic sections are the parabola, the ellipse and the hyperbola.




Pictures of Conic Sections
[image: ]

Fig. 3.1
3.1 					CONIC AS LOCUS
A conic section is the curve traced out by a point P which moves in the plane in such a way that the ratio of its distance from a fixed point F to its distance from a fixed line (not containing F) is a constant.
The fixed point F is called its focus, the fixed line its directrix and the constant ratio its eccentricity(e).
Example 1: Find the equation of the conic section with focus at the point (-1, 2) and eccentricity  if its directrix is the line .
Solution
Let  be a variable point on the conic.

Distance of P from the directrix K 

By definition, 





Using  instead of  we have

3.2					PARABOLA
A parabola is a locus of points, equidistant from a given point, called the focus, and from a given line called the directrix.
In other words, its distance from a fixed point called the focus, and its distance from a fixed line called its directrix are in constant ratio (eccentricity). This implies that the eccentricity (e) =1.

Equation of a Parabola
				   A	      y
			    M				       		
						         L	     

			           	     V	       	               	 x
						        R
				  B
											Fig. 3.2
In the figure above, the focus is F(, 0) and the directrix is line AB. The distance of AB from the y-axis is .
Let P(x, y) be an arbitrary point on the parabola, then by definition





The equation of the parabola is 
 				(1)
The focus is .
The directrix is the line .
Vertex is 
The line segment through the focus, and perpendicular to the axis of symmetry, and with endpoints L and R is called the lactus rectum. The length is .
The graph is symmetric with respect to the axis
The parabola opens leftward if  .




					           y



  F(-)		   	  x


									Fig. 3.3
If we interchange  and  in , we obtain 
					(2)
Focus is 
Directrix is 
	      y								          y													
									
	
	        ̇    										
					 x							x	
								            ̇F	
							
				Fig. 3.4						Fig. 3.5
Example 2: Find the focus, directrix and the length of the lactus rectum of the parabola  and sketch the graph.
Solution


If we compare this with equation (1), 

Focus is  and the directrix is .
Length of the latus rectum = 10
						           y	



	                                                     0	        			x
								      


Example 3: Find the equation of the parabola whose vertex is the origin and whose focus is (3, 0).
Solution


The case of translation
Here we consider the case where the vertex (0,0) of the parabola  is translated to the point . In this case, the equation becomes
					(3)
So that the focus now is  and the directrix is .
Equation (3) is called the standard or canonical form.
Example 4: Write down the equation of the parabola  in its canonical form and hence find
(i) the vertex;
(ii) the focus;
(iii) the directrix.
Solution




(i) Vertex is (2, 3)
(ii) 
Focus is 
(iii) Directrix is 
Example 5: Find the vertex, focus and the directrix of the parabola .
Solution



Vertex is 
Focus is 
Directrix is 
Equations of the tangent and normal to  at the point  

Gradient of the tangent to  at  is 
Differentiating (1) implicitly with respect to .



Using the slope-one point of the equation of a line, we obtain the equation of the tangent as 


Since  is on  it implies that 

Thus 



Equation of the tangent to  at  is 
				(4)
Since the gradient of the tangent is , the gradient of the normal .
Equation of the normal is 


 									(5)
Example 6: Find the equation of the tangent to the parabola  at the point .
Solution



Example 7: Find the equation of the normal to the parabola  at the point .
Solution
Differentiate implicitly with respect to .




Equation of the normal at (1, -1) is




3.3					ELLIPSE
An ellipse is the set of points in a plane the sum of whose distance from two fixed points and  is a constant. This is illustrated in the figure below.
							        y

							        b	
					   	 a	 x	
							         -b

										Fig. 3.6
The two fixed points are called the foci (plural of focus). To obtain the simplest equation for an ellipse, let the foci be on the axis at the points  and  so that the origin is half the way between the foci.
Let the sum of the distances from a fixed point on the ellipse to the foci be  and  be point on the ellipse. Then, 



Squaring both sides, we get

which simplifies to 

squaring both sides again,


From ∆ in the above figure, we see that , so   and therefore .
Let , then the equation becomes

Divide both sides by 
				(6)
Since , it follows that .
The intercepts are found by setting . This gives 



Similarly, the intercepts are found by setting . This yields .
So the vertices are . .
The line segment joining the vertices and  is called the major axis.
Equation (6) is unchanged if  is replaced by  or  is replaced by , so the eclipse is symmetric about both axes.
In summary, the ellipse

has foci , where  and vertices .
If the foci of an ellipse are located on the axis at , then we can find its equation by interchanging  and  in (6)

with foci , vertices  and co-vertices 

						    y
						
						   		   	
						    
					      -					  x
						   
						    					Fig. 3.7
Example 8: Sketch the graph  and locate the foci.
Solution



Foci are 
Vertices are 


					      y

					 

			   -4	 	           4		x
						
					       

Change of Origin
If the centre of the ellipse  is transferred to the point  in such a way that the axes are parallel to the and  axes, then the new canonical form of the equation of the ellipse becomes

Foci are 
Vertices are  and the co-vertices are 
Example 9: Write the equation of the ellipse  in the canonical form and hence, determine:
i) the coordinates of the centre of the ellipse;
ii) the vertices of the ellipse;
iii) the two foci of the ellipse.
Solution






Compare with the canonical form to obtain .
i) Centre is 
ii) Vertices are 

iii) Foci are .
Eccentricity and Directrices of an Ellipse
An ellipse can also be defined as the locus of a moving point P, such that the ratio (eccentricity) of its distance from a fixed point (focus F) to its distance from a fixed line (directrix) is a constant. Consider , . The eccentricity ‘’ is obtained using the formula

and satisfies .
In this case, the foci are  and the directrices are .
If the centre is transferred to  as in the case of equation (2), then the 
foci are  
directrices are  
Example 10: For the ellipse ,  determine the coordinates of its centre, foci and vertices. Obtain the equations of its directrices.
Solution



Using (7), we see that  so that  and 
Centre is 
Foci
Directrices are 

Tangent and Normal at a point
Equation of the tangent at to the ellipse .
Gradient of the tangent = 
Differentiating implicitly wrt ,



The equation of the tangent is 





Divide through by  to obtain

Equation of the tangent to the ellipse  at the point  is

Gradient of the normal at 
Equation of the normal is 



Equation of the normal to the ellipse  at the point  is 

Example 11: Find the equation of the tangent and normal to the ellipse  at (2,3).
Solution
Equation of the tangent is



The gradient of the tangent is  so that of the normal is 2. The equation of the normal is 



3.3					HYPERBOLA
A hyperbola is the set of all points in a plane the difference of whose distances from two fixed points and (the foci) is a constant.
Let the sum of the distances be  and  be point on the hyperbola. Let the foci be , then 



Squaring both sides, we get

which simplifies to 

squaring both sides again,


Divide through by to get

Putting 

Hence the equation of a hyperbola in the canonical form is


The intercepts are  and the points  are the vertices of the hyperbola. If we substitute  in equation (9) we get , which is impossible, so there is no intercept. The hyperbola is symmetric with respect to both axes.
From (9),

This implies that  i.e. . This means that the hyperbola consists of two parts, called its branches.
ASYMPTOTES OF THE CURVE
From (9),



So that as both  tends to infinity, the R.H.S. of (10) tends to 0. This implies that the L.H.S. also tends to zero.
It then follows that the hyperbola has two asymptotes which are given as 

If the foci are on the axis, then the equation is 

Foci are , vertices are  and the asymptotes are .
Example 12: Find the foci and asymptotes of the hyperbola  and sketch its graph.
Solution


So 
Foci are 
The asymptotes are the lines 
Example 13: Find the foci and equation of the hyperbola with vertices  and asymptotes .
Solution
From the question, 


Also, 
Foci = 
Therefore the equation is 

If the centre (origin) of the hyperbola is changed to the point , the new equation of the hyperbola is

Vertices are 
Foci are 
Directrices and Eccentricity of a Hyperbola
In the case of a hyperbola  , the eccentricity . The eccentricity is obtained using the formula 

The foci are  and the directrices are .
 Example 14: Find the foci and the equations of the directrices of the hyperbola .
Solution


Directrices are 
Tangent and Normal at a point 
The equation of the tangent to the hyperbola

At the point  is 

Equation of the normal at the point  is

Example 15: Find the equation of the tangent and normal to the hyperbola  at the point .
Solution


. 
The equation of the tangent at is 


Gradient of the normal =0
Equation of the normal is .
Post-test
1) The focus of the parabola   is 
2) Find the vertex of the parabola  
3) The equation of an ellipse is .
(i) Find the foci of the ellipse.
	(ii) Determine the directrices of the ellipse.
	(iii) Find the vertices of the ellipse.
	(iv) Calculate the eccentricity of the ellipse.
4) For each of the following hyperbolas, find the coordinates of the centre, vertices, and foci; the length of the transverse and conjugate axes; the length of the latus rectum; the eccentricity; and the equations of the directrices and the equations of the directrices and asymptotes. Sketch each curve.
a) 
b)  
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4					VECTORS
Introduction: Physical quantity can be classified into two – Vector and Scalar quantities. We discuss the representation of vectors, vector algebra, vectors in two or three dimensions, scalar products, vector products, triple products and vector differentiation
Objectives: At the end of the lecture/chapter, the students should be able to:
 	1. Give examples of vector and scalar quantities.
	2. Represent vector by a straight line segment, add and subtract vectors.
	3. Find the components of a vector in two or three dimensions.
	4. Find the modulus and direction cosines of vectors.
	5. Find the scalar product, cross product and triple products of vectors.
	6.  Determine and solve problems on parallel and perpendicular vectors.
	7. Find the unit vector in the direction of a given vector.
	8. Solve problems on calculus of vector functions of a real variable.
Pre - test
1. Define scalar and vectors quantities and give two examples each.
2. Given the vectors .
3. Find the scalar product of the vectors  and .


4.1				INTRODUCTION TO VECTORS
Physical quantities can be classified into two:
1. Scalar Quantities:  these are quantities that have only magnitude but no direction. Examples are length, mass, area and so on.
2. Vector Quantities: they have both magnitude (numerical value or size) and direction. Examples of vectors include force, velocity, displacement e.t.c.
				REPRESENTATION OF VECTORS
A vector may be represented by a straight line, the length of the line being directly proportional to the magnitude of the vector and the direction of the line being in the same direction as the line of action of the quantity. The figures below show two velocities 4m/s and 6m/s at angles of  respectively to the horizontal.
			B	
	

		     60	A
	O	30

Various ways of writing vectors are:
i. Bold print e.g a, OA
ii. Two capital letters with an arrow over them to denote the sense of direction e.g 
iii. Underlined letters .
iv. A vector can be represented by a line segment e.g. , where the arrow head shows the direction and AB drawn to scale to give the correct magnitude of the vector.  
v. Another way is by resolving the vector into component. A vector 
     A()

			4
		 
      O	30				fig. 4.1
can be written in the form  where  is the x component and  is the y component.
For example, in fig. 4.1  .
Equality of vectors: Two vectors  and  are equal if they are parallel (in the same direction) and equal in magnitude.
Negative Vector: The negative vector of a vector  is a vector which has same magnitude as  but a direction opposite to that of . The negative vector of  is .
Zero Vector: It is the vector which has no magnitude It is written as .
4.2 			ADDITION AND SUBTRACTION OF VECTORS
Considering the figure below, there are two ways of moving from A to C.
				  B


		    A				       C		fig. 4.2
	
i) By moving from A to B and then from B to C.
ii) By moving directly from A to C.
So we say that 

 is called the resultant vector of vectors  and . (1) is called the Triangle law of vector addition.
Example 1: Find the resultant of the vectors , , .
Solution



Example 2: If ABC is a triangle, what is the sum of the vectors represented by ?
Solution

4.3 					POSITION VECTOR
The position of a point A relative to a point of reference can be specified by a vector. If the reference point is the origin the vector  denotes the position of A relative to O. It is called the position vector of A relative to O. If  is represented by  then the vector  is called the position vector of A.
If 

         


Example 3:  are the vectors  respectively. D is the midpoint of AB and E lies on BC where BE =2BC. State in terms of ,
(a) , 	(b) 		(c) .

Solution				B
			     D
A					         C
															
						            	E

			O

(a) 
(b) 
(c) 
      
      
Example 4: In ∆ ABC,  is the midpoint of . State in terms of , (a) , (b)  and (c) .
Solution
(a) 
(b) 
(c) 
4.3  	COMPONENTS OF A VECTOR IN TWO OR THREE DIMENSIONS
Let  be unit vectors in the direction of  respectively. A vector  can be written as with respect to the position or coordinates of A in the plane. 
Let  be unit vectors in the direction of  axes respectively. A vector  can be written as with respect to the position or coordinates of A in the space. 
Example 5: If , find .
Solution


ADDITION, SUBTRACTION AND SCALAR MULTIPLICATION OF VECTORS
Let   and  be a scalar.
i. 

ii. 

iii. 
Example 6: Given that   Find
i.  
ii. 
Solution
i.  
ii.  
4.4		MODULUS/MAGNITUDE OF THE VECTOR  
Let  The modulus/length of  is 
.
Example 7: Find the magnitude of the vector 
Solution
Magnitude of 
	= 5 unit
Example 8: Find the modulus of .
Solution



4.5				DIRECTION OF THE VECTOR  
Let  be the angle of the vector  makes with positive x-axis then, 

Therefore, the direction of the vector 
Example 9: find the direction and magnitude of the vector 2.
Solution 
The magnitude in  
Direction 
4.6					DIRECTION COSINES
The direction of a vector is specified by the angle which the vector makes with the axes. For vector , if we represent the angles it makes with the OX and OY axes with  and  respectively, then,

 are called the direction cosines of .
For vector , if we represent the angles it makes with the OX, OY and OZ axes with ,  respectively, then, the direction cosines of  are

Example 10: Find the direction cosines of 
Solution
Let  be the angles which  makes with OX, OY and OZ axes respectively.

Then,


4.7				SCALAR PRODUCT OF VECTORS
Let  the scalar or dot product of and  is defined as
…..						(2)
Where  is the angle between . From (2), we can deduce the following:
i. 
= 1
	
		= 1

		= 1


ii. 
Example 11: Find the dot product of the vectors  .
Solution



=13
Example 12: Given that  evaluate
i. 
ii. The angle 
Solution
i. 


ii. From (i) above, 




Therefore, 

Example 13: Find the scalar product of  and .
Solution

PROPERTIES OF SCALAR DOT PRODUCT
1. Commutativity

2. Distributivity 

3. 
4.8					UNIT VECTOR
A vector with modulus equals 1 is called a unit vector. Example is the vector   Given a vector a, a unit vector in the direction of a is given by

Example 14: find the unit vector in the direction of a vector 
Solution

Therefore, 
4.9			PARALLEL AND PERPENDICULAR VECTORS
Let a and b be any two vectors
1. Parallel vectors
a and b are parallel if and only if there is a scalar  
2. a and b are perpendicular if  = 0.
Example 15: Find the value of k such that the vectors  are perpendicular.
Solution

				
				
Example 16: Determine if the following vectors are parallel, perpendicular or neither.
a) 
b) 
Solution
a) 
The vectors are perpendicular.
b) .
The vectors are parallel.

4.10		VECTOR PRODUCT OR CROSS PRODUCT OF TWO VECTORS
The vector product or cross product of two vectors  in that order, denoted by  is 

where  forming a right handed system. Thus the magnitude of 
PROPERTIES OF VECTOR OR CROSS PRODUCT
1. 				(Commutative Law for Cross Product fails)
2. 		(Distributive Law)
3. 
4. 
5. If  then


6. Magnitude of  is the same as the area of a parallelogram with sides  and .
7. If , and  and  are not null or zero vectors, then  are parallel.
4.11						TRIPLE PRODUCTS
Since  is a vector, its product (both scalar and vector) can be taken with another vector  to obtain  called vector triple product or  called the scalar triple product.
Example 17: Given  find 
(i) 		(ii)  
Solution
(i) 


(ii) 
4.12		CALCULUS OF VECTOR FUNCTIONS OF A REAL VARIABLE
Example 18: Given that . Find (i) 		(ii)  		(iii) 
Solution
(i) 
(ii) 

(iii) 

In the next example, the position vector , velocity  and acceleration  are related by 
 
Example 19: The velocity,  of a particle is given by 

If at time , the particle is at the origin, find its position vector at .
Solution

Integrating with respect to we obtain

where c is a constant vector (integrating constant).
But at t = 0, r = 0. Therefore


which implies .
Therefore  
At ,


Post - Test
1. State whether the following physical quantities are scalars or vectors:
(i) Surface Tension
(ii) Frequency
(iii) Viscosity
(iv) Resistance
(v) Acceleration
2. Find the resultant of the vectors .
3. The vectors  are given by:
	
	
	
Find:
(i) 
(ii) the modulus of   
(iii) the direction cosines of .
(iv) the scalar product of .
(v) the angle between .
4. The position vectors of the points A, B, C, D, relative to an origin O are respectively . Find the following vectors in terms of .
(i) 			(ii)  		(iii) 
5. Find the value of the scalar  for which the following pairs of vectors are perpendicular.
(a) 
(b) 
(c) 
6. Show that  are orthogonal.
7. If  find (i) 	(ii) 
(iii)  	(iv)  	(v) 
8. Given that  find .
9. The position vector , find its velocity and acceleration.
10. The acceleration of a particle is . At time  the particle is at the origin and has velocity . Find its displacement as a function of  and its value when the velocity is 0.
11. The position vector , find its velocity and acceleration. Show that the acceleration is orthogonal to the velocity.
12. The velocity  of a particle is given by  where  and  are constants. Find the displacement vector of the particle if it is initially at the origin. Show that the path of the particle is a parabola.
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5.					DYNAMICS
Introduction: Here we discuss dynamics of a particle, projectile motion and linear momentum. 
Objectives: At the end of the lesson, the students should be able to:
	1. Calculate the impulse of constant and variable force.
	2. Calculate change in momentum.
	3. Solve problems on conservation of linear momentum and collision.
Pre - test
1. A car initial at rest accelerates in a straight line at 3m/s2. What will be its speed after 2 seconds?
2. A particle is acted upon by a force of , where t is the time in seconds. If the force acts for interval of time from t = 0 to t = 2 seconds, what is the impulse of the force?
5.1 					DYNAMICS OF A PARTICLE
1) Impulse of a Constant Force
A constant force F, acting for the interval of time  to  is said to exert an impulse I where

Impulse is a vector quantity and in the particular case of a constant force has the direction of the force. The S.I unit of impulse is Ns.
Example 1: A particle is acted on by a force of N for 0.2seconds, what is the impulse of the force?  
Solution

 Ns
2) Impulse of a Variable Force
When F is a variable force acting for an interval of time  to , we divide the range    into n sub-intervals, . 
Let  be some value of F in the first sub-interval .
       be some value of F in the first subinterval .  
· -  -	-	-	-	-	-	-
 be some value of F in the first subinterval .
Then as can each be taken as approximately constant in their respective sub-intervals,


In the limit, as the width of each sub-interval tends to zero, we have 

Example 2 : A particle is acted on by a force of  where  is the time in seconds. If the force acts for interval of time from , what is the impulse of the force?
Solution



Ns
3) Impulse and Momentum
In practical problems concerning blows and impacts, the forces are very large and act for short times. In general, we cannot measure the varying magnitudes. In such cases the impulse is measured by the effect it produces. Thus,



If the mass  is constant, 
The quantity  is known as the momentum and it’s a vector quantity with the same unit as impulse.
Impulse = change in momentum
Example 3: A particle of mass 10 kg moving in a straight line is acted on by a force which changes its speed from 36 km/h to 54 km/h. Find the impulse exerted.
Solution
36 km/h = 10m/s, 54 km/h = 15m/s
 Magnitude of impulse =  = 10(15 -10) = 50 Ns 
Example 4 : A racing car of mass 1200 kg travelling on a horizontal track at 144 km/h, strikes a vertical crash barrier at an angle of 30° and rebounds with a speed of 90 km/h. If the direction of the rebound makes an angle of 140° with the original direction of motion, find the impulse given to the car by the barrier.
Solution
If  and  are the initial and final velocities respectively, 144km/h  40m/s, and  90km/h 25m/s.
Taking axes  along perpendicular to the crash barrier and refer to the diagram below
[image: ]Fig. 5.1


Also,  


Now				 .
Hence impulse received by car

    Ns


5.2 				NEWTON’S LAWS OF MOTION
1) Newton’s Laws of Motion
1st Law: Every object continues in its position of rest or state of uniform motion in a straight line unless acted on by an external impressed force.
2nd Law: The rate of change of momentum of an object is proportional to the external impressed force, .
Definition: The momentum,  of a particle is the product of its mass  and the velocity, , i.e. .
3rd Law: Action and reaction are equal and opposite.
From the second law, we have   




If the particle has constant mass then  and (2) reduces to 

Example 5 : A 1000 kg car moving at a speed of 80 km/hr is brought to rest in 200 m by a constant braking force. Determine 
i) the acceleration of the car     ii) the constant braking force.
Solution
i) u = 80 km/hr =200/9 m/s , s = 200 m, v = 0
Using the equation ,


ii) 
5.3 					PROJECTILE MOTION
Projectile motion is motion under the influence of gravity. Consider a particle of mass m projected with velocity  which makes an angle  with the horizontal plane. The following assumptions are made:
a) The resistance of the air is negligible.
b) The motion is confined to a moderate distance from the Earth’s surface so that the acceleration due to gravity is uniform.
Hence its equation of motion is given by 

The second assumption above implies that the path of motion is a parabola or straight line. Thus the motion is in the xy-plane.
We also have that and are the components of the acceleration in the horizontal and vertical components respectively.
Take origin O as the point of projection, the positive y-axis as vertically upwards and the positive x-axis horizontal so that  (as in the figure below).
	        
			      

			  P
		                   H
	      O      			  		  
			           	R 						Fig. 5.2
The horizontal and vertical components of equation (3) are

Integrating with respect to , we have 

But at , , therefore

Hence


Integrating once more yields


Since ,  so that 

The path of the projectile is obtained by eliminating  between  and , i.e.


or 

This is a parabola which passes through the origin. 
Maximum Height
The particle attains its maximum height H when its vertical component of velocity . That is 


where  is time to maximum height. Therefore



From the above expression we see that the overall maximum height  for all  is obtained when i.e. . Thus  when the particle is projected vertically upwards.
Range on horizontal plane of projection 
Let A be the point at which the particle meets the plane, and T its time of flight (as shown in the above figure)
At A the vertical displacement is zero.



T = 0 refers to the point O and, therefore,  is the time of flight.
Horizontally 



To obtain the maximum range, we must have that .
Therefore .
 Example 6: A particle is projected with velocity 30 m/s in a direction making an angle of  with the horizontal. Find its position and speed after 2 seconds. Take .
Solution
      
  
			      
		    
			  
				      P	                                    
	      O      			  		  		Fig. 5.3
The horizontal component  


The vertical component






The position after 2 seconds is  and the velocity is . Therefore speed after 2 seconds 


Example 7: A particle is projected with speed  directly towards a wall 20 m away. If it just clears the top of the wall which is 5 m above the horizontal plane through the point of projection, find two possible angles of projection. Take g = 9.8 .
Solution
  

			      
	                                 
			  
				      		5 m                                    
                   	   	      
				20 m						Fig. 5.4
Horizontal component of distance 


Vertical component of distance 


From (i) 
Substitute t from (iii) in (ii)







Example 8 : A particle is fired, from the top of a cliff of height 49 m with a speed of 14 m/s at an angle of 45 degrees with the horizontal. Find the maximum height reached and the point where the particle enters the sea.
Solution

  
		   14 m/s		      
		    45        	    
			  
	     49 m			      	                                    
																			        B	      			Fig. 5.5
From the illustration above,


The maximum height reached = 49 m + 5 m = 54 m
At B the vertical displacement is – 49 m and vertically 




and taking the positive root,

Horizontally



The particle enters the sea at a point 42.9 m from the foot of the cliff.
5.4 			CONSERVATION OF LINEAR MOMENTUM 
If two bodies A and B collide. Each will exert an impulse on the other. By Newton’s third law, A will exert an equal force P on B and B will exert an equal but opposite force P on A.
Principle of the conservation of momentum: In any collision between two bodies, the total momentum in any direction is unchanged, provided no external force acts in that direction.
Inelastic Impacts 
Example 9 : A pile of mass is being driven into the ground by a pile driver of mass . At the moment of impact the pile driver is moving vertically downwards with speed  and the pile is stationary. Immediately after the impact they both move with a common speed . Find  in terms of ,  and , and the change in the total kinetic energy of the system.
Solution

Momentum before collision
Momentum after collision 
By the principle of conservation of momentum


Kinetic energy before impact
Kinetic energy after impact




Direct Impact of Elastic Bodies
We shall assume the bodies are smooth. Therefore the mutual reaction acts only along the common normal at the point of impact. Two bodies are said to impinge directly if the direction of motion of each is along this common normal. Since the total momentum is conserved, we have that 

This equation is not enough to calculate  and . One more equation is needed and this is provided by an experimental law (credited to Newton).
The law states: The component of the relative velocity of the particles along the line of centres immediately after impact equals  that immediately before the impact.

 is known as the coefficient of restitution.  takes values in [0, 1].
If , the objects are inelastic.
If , the objects are perfectly elastic
Example 10: A sphere of mass 3 kg moving at 6 m/s impinges directly on another sphere of mass 5 kg, moving in the same direction at 3 m/s. If , find the speeds after impact. 
Solution








Example 11: A sphere of mass 100 kg moving at 16 m/s, impinges directly on another sphere of mass 500 kg, moving in the opposite direction at 5 m/s. If , find their speeds after impact and the magnitude of the impulse given to each sphere.
Solution
[image: ]	Fig. 5.6
By Newton’s law


Since the momentum is conserved,



Substituting for  in equation (i)

The magnitude of the impulse is equal to the change of momentum of either of the balls.

Example 12: A ball moving with speed  impinges directly on another ball of the same mass. If the second ball was stationary before the impact and , find the loss of kinetic energy during impact.
Solution
[image: ]Fig. 5.7
Let m be the mass of each ball. By Newton’s second law


The momentum is conserved.


Adding (i) and (ii):			 

Substituting for  in equation 

Loss in K.E 




5.5			 OBLIQUE IMPACT OF ELASTIC BODIES
Consider two smooth bodies, masses and , which impinges obliquely. Let their speeds be  and   in the directions making angles  and  respectively, with the common normal (see the figure below).
[image: ]Fig. 5.8
In this case the principle of conservation of momentum gives 

And the Newton’s law gives

Example 13: Two smooth elastic spheres A and B of equal radii and masses 80 kg and 72 kg respectively, lie at rest on a smooth horizontal surface. A is projected towards B with a speed of 60 m/s and strikes B obliquely at an angle of  with the line of centres. If , find the velocities of the two spheres after impact.
Solution
[image: ]Fig. 5.9
Let AB be the line of centres. The components of the velocities perpendicular to AB,  are unaltered by the impact along AB (see fig. above). By Newton’s law


Since momentum is conserved,



(i):				

By substitution in (ii)

Hence the velocity of B after impact is  m/s in the direction of AB.
The Velocity of A after impact has components  m/s along AB and 30 m/s perpendicular to AB.

and the direction of  makes  an angle of 

with AB in the direction of AB.
Example 14: A smooth sphere, of mass 10 kg moving horizontally with a speed of 9 m/s, impinges on another smooth sphere of mass 8 kg moving horizontally with a speed of 6 m/s. If their directions of motion at impact are inclined at 45 and 60 degrees respectively to the line of the common normal, , and their radii are equal, find their speeds after impact.


Solution
[image: ]Fig.5.10
Let A and B be the centres of the two spheres. The components  and  perpendicular to AB are unaltered by the impact (see the figure). Along AB, by Newton’s experimental law



By the conservation of momentum,

after impact.

(i)8 + (ii):			 

Substituting in (i) gives .
Therefore, the speed of the 10 kg sphere is 

and the speed of the 8 kg sphere is 


Post - Test
1. A 100 kg car moving at a speed of 80 km/hr is brought to rest in 200 m by a constant braking force. Determine 
(i) the acceleration of the car
(ii) the constant braking force.
2. A particle is projected upwards in a direction inclined at 60 to the horizontal. Show that its speed when at its greatest height is half its initial speed.
3. A particle is projected with a speed of 32 m/s at an angle of 40 degrees to the horizontal. Find the horizontal and vertical components of its velocity after 2 seconds
4. A stone is thrown with a speed of 14m/s at an angle of projection of 60 degrees. Find 
(a) the greatest height reached
(b) the time of flight
(c) the range on a horizontal plane.
5. A gun whose muzzle velocity is 60 m/sec is fired to strike a bird perched at a point a horizontal distance of 80 m and height 20 m from the mouth of the gun. At what angle to the horizontal must the gun be aimed? Take the acceleration due to gravity  as 10 m/.
6. A smooth ball of mass m moving at 8 m/sec is struck by a second smooth ball of equal radius with mass 2m moving at 10 m/sec. If their velocities immediately before impact are inclined at 45 and 30 respectively to the line of centres at the instant of impact determine their velocities immediately after impact if 
(i) the balls are assumed perfectly elastic
(ii) the coefficient of restitution between the balls is .
7. A ball of mass 200 g traveling horizontally at 6 m/s strikes a vertical wall at right angles and rebounds with a speed of 4 m/s. Find the magnitude of the impulse given to the ball.
8. A particle is acted on by a force of  N, where t is the time in seconds. If the force acts for the interval of time  to , what is the impulse?
9. A particle of mass 25 kg originally moving in a straight line at 10 m/s is acted on by an impulse I. The magnitude of I is 550 Ns and it acts directly against the motion of the particle. Find the new speed of the particle.  
10. A ball of mass 3 kg moving at 8 m/s, impinges directly on another ball whose mass is 5 kg. If the second ball is moving at 3 m/s in the same direction and , find the velocities after the impact.
11. Two equal smooth spheres A, B, of mass m rest on a horizontal table. A is projected towards B so that on impact the line of centres is inclined at 45 to the direction of motion of A. If , find the angle through which the direction of motion of A is turned through by the impact.
12. A smooth sphere of mass 200 g, moving horizontally with a speed of 26 cm/s, impinges on another smooth sphere of equal radius and mass 300 g. The second sphere is moving horizontally with a speed of 20 cm/s. If the directions of motion at impact are inclined at  and  to the line of centres, and , find their speeds after impact.
13. Two smooth spheres A, B, of equal radii and masses m and 2m kg respectively, rest on a smooth horizontal table. A is projected towards B with a speed of 16 m/s and strikes B obliquely, so that on impact the line of centres is inclined at an angle of 60 with the direction of motion of A. If   , find the speeds of A and B after impact. 
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